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1 (a) Sketch the graph of y = |x —2|. [1]

(b) Solve the inequality |x — 2| < 3x — 4. [3]
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3

2 Solve the equation In 3 + In(2x + 5) = 2In(x + 2). Give your answer in a simplified exact form.  [4]
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3 (a) By sketching a suitable pair of graphs, show that the equation secx =2 — %x has exactly one root
1

in the interval 0 < x < 5T [2]
(b) Verify by calculation that this root lies between 0.8 and 1. [2]

(c) Use the iterative formulax,  , = cos™! ( ) to determine the root correct to 2 decimal places.

n
Give the result of each iteration to 4 decimal places. [3]
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3
4 Find X sec’x dx. Give your answer in a simplified exact form. [7]
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3x  sin3
5 (a) Show that 2% L 2T _ 5 6tox. [4]
Sinx COS X
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cos 3x N sin 3x

(b) Hence solve the equation =4, forO<x<m. [3]

sin x COS X
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6  The variables x and y satisfy the differential equation

dy 1+4y?
dx e
Itis given that y = 0 when x = 1.
(a) Solve the differential equation, obtaining an expression for y in terms of x. [7]
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10
The equation of a curve is x> + 3xy? -y = 5.

dy x*+y°
(a) Show that a = );2_—2_)(;); [4]
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(b) Find the coordinates of the points on the curve where the tangent is parallel to the y-axis. [5]
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In the diagram, OABCDEFG is a cuboid in which OA = 2 units, OC = 3 units and OD = 2 units.
Unit vectors i, j and Kk are parallel to OA, OC and OD respectively. The point M on AB is such that
MB =2AM. The midpoint of FG is N.

(a) Express the vectors OM and MN in terms of i, jand k. [3]
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(¢) Find the position vector of P, the foot of the perpendicular from D to the line through M and N.
[4]
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2+ 11x—10x2

P Leti) = - ame

(a) Express f(x) in partial fractions. [5]
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(b) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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10 (a) The complex numbers v and w satisfy the equations
v+iw=5 and (I+2i)v—w =31

Solve the equations for v and w, giving your answers in the form x + iy, where x and y are real.

[6]
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(b) (i) Onan Argand diagram, sketch the locus of points representing complex numbers z satisfying
|z-2-3i|=1. [2]

(if) Calculate the least value of arg z for points on this locus. [2]
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2

1  Find the set of values of x for which 2(3!72*) < 5*. Give your answer in a simplified exact form. [4]
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2 (a) Expand (2 - 3x)7? in ascending powers of x, up to and including the term in x?, simplifying the
coeflicients. [4]
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3 Express the equation tan(0 + 60°) = 2 + tan(60° — ) as a quadratic equation in tan 0, and hence solve
the equation for 0° < 6 < 180°. [6]
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4  The curve with equation y = e**(sinx + 3 cos x) has a stationary point in the interval 0 < x < 7.

(a) Find the x-coordinate of this point, giving your answer correct to 2 decimal places. [4]
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5 (a) Find the quotient and remainder when 2x> — x> + 6x + 3 is divided by x* + 3. [3]
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3
2% = x>+ 6x+3
(b) Using your answer to part (a), find the exact value of J a ;2 3 a dx. [5]
1
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B

The diagram shows a circle with centre O and radius r. The tangents to the circle at the points A and
B meet at T, and angle AOB is 2x radians. The shaded region is bounded by the tangents A7 and BT,
and by the minor arc AB. The area of the shaded region is equal to the area of the circle.

(a) Show that x satisfies the equation tanx = 7 + x. [3]
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(b) This equation has one root in the interval 0 < x < %n. Verify by calculation that this root lies
between 1 and 1.4. [2]

(c) Use the iterative formula

-1
X, =tan" (m+x,)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]
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cosx
7 Letf(x)= ————.
et £(x) 1+sinx
(a) Show that f'(x) < O for all x in the interval —%n <x< %n. [4]
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lx
(b) Find le f(x) dx. Give your answer in a simplified exact form. [4]
ETE
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8 A certain curve is such that its gradient at a point (x, y) is proportional to 2 The curve passes

xyx’

through the points with coordinates (1, 1) and (4, e).

(a) By setting up and solving a differential equation, find the equation of the curve, expressing y in
terms of x. [8]
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14
With respect to the origin O, the vertices of a triangle ABC have position vectors
OA=2i+5k, OB=3i+2j+3k and OC=i+j+k
(a) Using a scalar product, show that angle ABC is a right angle. [3]
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(¢) Find the exact length of the perpendicular from O to the line through B and C. [4]
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3;
10 (a) The complex number u is defined by u = rlzi, where a is real.

(i) Express u in the Cartesian form x + iy, where x and y are in terms of a. [3]
(ii) Find the exact value of a for which argu™ = %n. [3]
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(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers z satisfying the inequalities |z —2i| < |z—1—1i|and |z-2 —i| < 2. [4]

(ii) Calculate the least value of arg z for points in this region. [2]
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2

Find the quotient and remainder when 6x* + x*> — x> + 5x — 6 is divided by 2x*> —x + 1. [3]
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Iny

(5.24, 2.7)

(1.5, 1.2)

>
0 X

The variables x and y satisfy the equation y* = Aek* where A and k are constants. The graph of

In y against x is a straight line passing through the points (1.5, 1.2) and (5.24, 2.7) as shown in the
diagram.

Find the values of A and k correct to 2 decimal places. [5]
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3 Find the exact value of

4 3
-[ x2 Inxdx. [5]

© UCLES 2020 9709/32/M/1/20



4 A curve has equation y = cos x sin 2x.

Find the x-coordinate of the stationary point in the interval 0 < x < %n, giving your answer correct to
3 significant figures. [6]
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5 (a) Express v2cosx — v5sinx in the form R cos(x + a), where R > 0 and 0° < o < 90°. Give the
exact value of R and the value of a correct to 3 decimal places. [3]
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(b) Hence solve the equation V2c0s260 —/55sin26 = 1, for 0° < 6 < 180°. (4]
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6
y
M
Ol 1 » X
The diagram shows the curve y = 132 for x > 0, and its maximum point M.
(a) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [4]
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(b) Using the substitution u = v3x2, find by integration the exact area of the shaded region bounded
by the curve, the x-axis and the line x = 1. [5]
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7  The variables x and y satisfy the differential equation

dy y-—1
dx ~ (x+ D)(x+3)

Itis given that y = 2 when x = 0.

Solve the differential equation, obtaining an expression for y in terms of x. [9]
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8 (a) Solve the equation (1 + 2i)w + iw* = 3 + 5i. Give your answer in the form x + iy, where x and y
are real. (4]
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(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers z satisfying the inequalities |z — 2 — 2i| < 1 and arg(z — 4i) > —é—lln. [4]

(ii) Find the least value of Im z for points in this region, giving your answer in an exact form.

(2]
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. k :
The diagram shows the curves y = cosx and y = Tox where k is a constant, for 0 < x < %n. The
X

curves touch at the point where x = p.

(a) Show that p satisfies the equation tanp =

1+p’

© UCLES 2020 9709/32/M/1/20
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(b) Use the iterative formula p, , = tan_l( ) to determine the value of p correct to 3 decimal

Py
places. Give the result of each iteration to 5 decimal places. [3]
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10 With respect to the origin O, the points A and B have position vectors given by OA = 6i + 2j and
OB = 2i + 2j + 3k. The midpoint of OA is M. The point N lying on AB, between A and B, is such
that AN = 2NB.

(a) Find a vector equation for the line through M and N. [5]
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The line through M and N intersects the line through O and B at the point P.

(b) Find the position vector of P. [3]
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1  Solve the inequality |2x — 1| > 3|x + 2|. (4]
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2 Find the exact value of J (2 - x)e ¥ dx. [5]
0
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3 (a) Show that the equation
In(l1+e™)+2x=0

can be expressed as a quadratic equation in e”. [2]

(b) Hence solve the equation In(1 + e™) + 2x = 0, giving your answer correct to 3 decimal places.

[4]

© UCLES 2020 9709/33/M/1/20



4  The equation of a curve is y = xtan™! (%x)

(a) Find g_ﬁ. 3]

(b) The tangent to the curve at the point where x = 2 meets the y-axis at the point with coordinates
(0, p).

Find p. [3]
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5 By first expressing the equation
tan Otan(0 + 45°) = 2 cot26

as a quadratic equation in tan 6, solve the equation for 0° < 6 < 90°. [6]
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6 (a) By sketching a suitable pair of graphs, show that the equation x° = 2 + x has exactly one real
root. [2]

(b) Show that if a sequence of values given by the iterative formula

5
_ 4xn+2

X
n+1 4
an -1

converges, then it converges to the root of the equation in part (a). [2]

© UCLES 2020 9709/33/M/1/20



(¢) Use the iterative formula with initial value x; = 1.5 to calculate the root correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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2

L A Ty T v

(a) Express f(x) in partial fractions. [2]

(b) Using your answer to part (a), show that

1 (S SR
S (2x-1% 2x-1 2x+1 (2x+1)*

(2]

© UCLES 2020 9709/33/M/1/20
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(¢) Hence show that -[ (f(x))2 dx =2+ lln(g). [5]
1
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12

Relative to the origin O, the points A, B and D have position vectors given by
OA=i+2j+k, OB=2i+5j+3k and OD =3i+2k.

A fourth point C is such that ABCD is a parallelogram.

(a) Find the position vector of C and verify that the parallelogram is not a thombus. [5]

© UCLES 2020 9709/33/M/1/20



13

(b) Find angle BAD, giving your answer in degrees. [3]
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14

(a) The complex numbers u# and w are such that
u—w=2i and uw =6.

Find u and w, giving your answers in the form x + iy, where x and y are real and exact. [5]

© UCLES 2020 9709/33/M/1/20
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(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities

|z-2-2i|<2, O<argz<im and Rez<3. [5]

© UCLES 2020 9709/33/M/J/20 [Turn over
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A

10

A tank containing water is in the form of a hemisphere. The axis is vertical, the lowest point is A and
the radius is r, as shown in the diagram. The depth of water at time ¢ is 4. At time ¢ = O the tank is
full and the depth of the water is . At this instant a tap at A is opened and water begins to flow out at
a rate proportional to v/. The tank becomes empty at time ¢ = 14.

The volume of water in the tank is V when the depth is 4. It is given that V = %n(3rh2 —h).

(a) Show that & and ¢ satisfy a differential equation of the form

dh B
4 T T 1 3¢
e opp2—p2
where B is a positive constant. (4]
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(b) Solve the differential equation and obtain an expression for ¢ in terms of 4 and 7. [8]
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1  Solve the inequality 2 — 5x > 2|x — 3|. (4]
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2 On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z| > 2 and [z - 1 +i| < 1. [4]
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3  The parametric equations of a curve are
x=3-cos260, y=26+sin26,

f0r0<9<%n.

d
Show that ay = cot 6. [5]
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4  Solve the equation
log,,(2x + 1) = 2log,,(x + 1) — 1.

Give your answers correct to 3 decimal places. [6]
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1
5 (a) By sketching a suitable pair of graphs, show that the equation cosec x = 1 +¢e 2" has exactly two
roots in the interval 0 < x < 7. [2]

(b) The sequence of values given by the iterative formula

_ - 1
X,,, =n—sin T ,
e 2" +1

with initial value x, = 2, converges to one of these roots.

Use the formula to determine this root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]

© UCLES 2020 9709/31/0O/N/20 [Turn over



8

6 (a) Express V6cos 0+ 3sin 0 in the form R cos(0 — o), where R > 0 and 0° < o < 90°. State the exact
value of R and give a correct to 2 decimal places. [3]
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(b) Hence solve the equation V6 cos %x + 3sin %x = 2.5, for 0° < x < 360°. (4]
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10

(a) Verify that —1 + V5iis a root of the equation 2x3 +x2+6x-18=0. [3]
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(b) Find the other roots of this equation. [4]
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8 The coordinates (x, y) of a general point of a curve satisfy the differential equation
dy 2
— =(1-2x")y,
xD = (12
for x > 0. Itis given that y = 1 when x = 1.

Solve the differential equation, obtaining an expression for y in terms of x. [6]
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8 + 5x + 12x2

9 Letf(x)= TSNS

(a) Express f(x) in partial fractions. [5]
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(b) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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10
y
A
>
0 by
M
-1

The diagram shows the curve y = (2 —x)e 2", and its minimum point M.
(a) Find the exact coordinates of M. [5]
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(b) Find the area of the shaded region bounded by the curve and the axes. Give your answer in terms
of e. [5]
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11 Two lines have equationsr =i+ 2j+k+ A(ai+2j—K)andr=2i+j—k+ p(2i —j+ k), where e is a
constant.

(a) Given that the two lines intersect, find the value of a and the position vector of the point of
intersection. [5]

© UCLES 2020 9709/31/0/N/20



19

(b) Given instead that the acute angle between the directions of the two lines is cos™! (é), find the
two possible values of a. [6]
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1  Solve the equation
In(1+e7%) =2.

Give the answer correct to 3 decimal places. [3]
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2 (a) Expand V1 + 6x in ascending powers of x, up to and including the term in x>, simplifying the
coeflicients. [4]
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3 The variables x and y satisfy the relation 2¥ = 3'7%*,

(a) By taking logarithms, show that the graph of y against x is a straight line. State the exact value
of the gradient of this line. [3]

(b) Find the exact x-coordinate of the point of intersection of this line with the line y = 3x. Give your

|
answer in the form %, where a and b are integers. [2]
n
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6

(a) Show that the equation tan(6 + 60°) = 2 cot 6 can be written in the form

tan>0 +3v3tan 6 -2 = 0. [3]
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(b) Hence solve the equation tan(6 + 60°) = 2 cot 6, for 0° < 6 < 180°. [3]
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y
P
>
0 X
The diagram shows the curve with parametric equations
x=tanf, y= cos?,
1 1
for —5m < 0 < 5.
(a) Show that the gradient of the curve at the point with parameter 6 is —2 sin 6 cos> 6. [3]
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The gradient of the curve has its maximum value at the point P.

(b) Find the exact value of the x-coordinate of P. [4]

© UCLES 2020 9709/32/0/N/20 [Turn over



10

6  The complex number u is defined by

7+1
u=—-:
1-1

(a) Express u in the form x + iy, where x and y are real. [3]

(b) Show on a sketch of an Argand diagram the points A, B and C representing u#, 7 +iand 1 —1i
respectively. (2]
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(¢) By considering the arguments of 7 +1i and 1 — i, show that

tan™! (%) = tan™! (%) + %n. [3]
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7  The variables x and 7 satisfy the differential equation
dx
e’ — = cos> 2x,
dr
for r > 0. It is given that x = 0 when ¢ = 0.

(a) Solve the differential equation and obtain an expression for x in terms of 7. [7]
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14

With respect to the origin O, the position vectors of the points A, B, C and D are given by

OA:(l), OB:(_l), o0 - 1) and OD:(z).
2 3

5 1
(a) Show that AB =2CD. [3]
(b) Find the angle between the directions of Xé and €D> [3]
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(c) Show that the line through A and B does not intersect the line through C and D. [4]
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Tx + 18

P el = e

(a) Express f(x) in partial fractions. [5]
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2

(b) Hence find the exact value of J f(x) dx. [6]
0
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10

! i

The diagram shows the curve y = yx cosx, for 0 < x < %n, and its minimum point M, where x = a.
The shaded region between the curve and the x-axis is denoted by R.

1
(a) Show that a satisfies the equation tana = 33" [3]

1
(b) The sequence of values given by the iterative formulaa, , =7+ tan”! ( 3 ), with initial value

an

X, = 3, converges to a.

Use this formula to determine a correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]
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(¢) Find the volume of the solid obtained when the region R is rotated completely about the x-axis.
Give your answer in terms of T. [6]
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1  Solve the inequality 2 — 5x > 2|x — 3|. (4]
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2 On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z| > 2 and [z - 1 +i| < 1. [4]
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3  The parametric equations of a curve are
x=3-cos260, y=26+sin26,

f0r0<9<%n.

d
Show that ay = cot 6. [5]
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4  Solve the equation
log,,(2x + 1) = 2log,,(x + 1) — 1.

Give your answers correct to 3 decimal places. [6]

© UCLES 2020 9709/33/0/N/20



7

1
5 (a) By sketching a suitable pair of graphs, show that the equation cosec x = 1 +¢e 2" has exactly two
roots in the interval 0 < x < 7. [2]

(b) The sequence of values given by the iterative formula

_ - 1
X,,, =n—sin T ,
e 2" +1

with initial value x, = 2, converges to one of these roots.

Use the formula to determine this root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
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6 (a) Express V6cos 0+ 3sin 0 in the form R cos(0 — o), where R > 0 and 0° < o < 90°. State the exact
value of R and give a correct to 2 decimal places. [3]
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(b) Hence solve the equation V6 cos %x + 3sin %x = 2.5, for 0° < x < 360°. (4]
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10

(a) Verify that —1 + V5iis a root of the equation 2x3 +x2+6x-18=0. [3]

© UCLES 2020 9709/33/0/N/20



11

(b) Find the other roots of this equation. [4]
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8 The coordinates (x, y) of a general point of a curve satisfy the differential equation
dy 2
— =(1-2x")y,
xD = (12
for x > 0. Itis given that y = 1 when x = 1.

Solve the differential equation, obtaining an expression for y in terms of x. [6]
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8 + 5x + 12x2

9 Letf(x)= TSNS

(a) Express f(x) in partial fractions. [5]
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(b) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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10
y
A
>
0 by
M
-1

The diagram shows the curve y = (2 —x)e 2", and its minimum point M.
(a) Find the exact coordinates of M. [5]
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(b) Find the area of the shaded region bounded by the curve and the axes. Give your answer in terms
of e. [5]
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11 Two lines have equationsr =i+ 2j+k+ A(ai+2j—K)andr=2i+j—k+ p(2i —j+ k), where e is a
constant.

(a) Given that the two lines intersect, find the value of a and the position vector of the point of
intersection. [5]
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(b) Given instead that the acute angle between the directions of the two lines is cos™! (é), find the
two possible values of a. [6]
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1  Solve the equation In(x® — 3) = 3Inx — In 3. Give your answer correct to 3 significant figures. [3]
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2 The polynomial ax® + 5x> — 4x + b, where a and b are constants, is denoted by p(x). It is given that
(x +2) is a factor of p(x) and that when p(x) is divided by (x + 1) the remainder is 2.

Find the values of a and b. [5]
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3 By first expressing the equation tan(x + 45°) = 2 cotx + 1 as a quadratic equation in tan x, solve the
equation for 0° < x < 180°. [6]
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4  The variables x and y satisfy the differential equation
dy
1- — =ysinx.
(1 —cosx) 1 = ysinx
Itis given that y = 4 when x = m.

(a) Solve the differential equation, obtaining an expression for y in terms of x. [6]
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(b) Sketch the graph of y against x for 0 < x < 2. [1]
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5 (a) Express 7 sinx + 2 cosx in the form R sin(x + o), where R > 0 and 0° < a < 90°. State the exact
value of R and give a correct to 2 decimal places. [3]
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(b) Hence solve the equation V7sin20+2cos26 = 1, for 0° < 6 < 180°. [5]
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Sa

Let f(x) = (2x—a)(3a - x)

, where a is a positive constant.

(a) Express f(x) in partial fractions. [3]
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2a
(b) Hence show that -[ f(x)dx = In6. [4]

a
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1 2 2 1
7 Twolineshaveequationsrz(3)+s(—1)andr=(1)+t(—l).
2 3 4 4

(a) Show that the lines are skew. [5]
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(b) Find the acute angle between the directions of the two lines. [3]
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8 The complex numbers u and v are defined by u = —4 +2iand v =3 +1.

(a) Find % in the form x + iy, where x and y are real. [3]
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In an Argand diagram, with origin O, the points A, B and C represent the complex numbers u, v and
2u + v respectively.

(¢) State fully the geometrical relationship between OA and BC. [2]
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er

9 Letf(x)= T-Fi,forx>0.
e —

(a) The equation x = f(x) has one root, denoted by a.

Verify by calculation that a lies between 1 and 1.5. [2]

(b) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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(¢) Find f’(x). Hence find the exact value of x for which f'(x) = —8. (6]
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10
y
A
M
» X
o A
Eﬂ:
The diagram shows the curve y = sin 2x cos®x for 0 < x < %n, and its maximum point M.

(a) Using the substitution # = sinx, find the exact area of the region bounded by the curve and the
X-axis. [5]
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(b) Find the exact x-coordinate of M. [6]
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1  Solve the inequality 2|3x — 1| < |x + 1]. [4]
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2 X + —X
2 Find the real root of the equation % = 3, giving your answer correct to 3 decimal places.
e
Your working should show clearly that the equation has only one real root. [5]
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3 (a) Given that cos(x —30°) = 2sin(x + 30°), show that tanx = 3 [4]
(b) Hence solve the equation
cos(x —30°) = 2sin(x + 30°),
for 0° < x < 360°. [2]
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1 —cos26 2
4 P hat —— = . 2
(a) Provet at1+c0529 tan“ 0 [2]
3 1—-cos26
(b) Hence find the exact value of ———deé. [4]
1 1+ cos20
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5 (a) Solve the equation z> — 2piz — g = 0, where p and ¢ are real constants. [2]

In an Argand diagram with origin O, the roots of this equation are represented by the distinct points
A and B.

(b) Given that A and B lie on the imaginary axis, find a relation between p and q. [2]
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(¢) Given instead that triangle OAB is equilateral, express ¢ in terms of p. [3]

© UCLES 2021 9709/31/M/J/21 [Turn over



6  The parametric equations of a curve are

t
2+ 3¢

x =1n(2 + 31), y =

(a) Show that the gradient of the curve is always positive. [5]
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(b) Find the equation of the tangent to the curve at the point where it intersects the y-axis. [3]
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7
y
A
M

|

I

|

I

0 a P X
tan~ ! x

The diagram shows the curve y = and its maximum point M where x = a.

Jx

(a) Show that a satisfies the equation

) (4]
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(b) Verify by calculation that a lies between 1.3 and 1.5. [2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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1
8  With respect to the origin O, the points A and B have position vectors given by OA = (2) and

3 2 1
OBz( 1). The line / has equation r = (3)+A(—2).

-2 1 1

(a) Find the acute angle between the directions of AB and /. [4]
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(b) Find the position vector of the point P on [ such that AP = BP. [5]
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14

_2 . .
The equation of a curve is y = x 3 Inx for x > 0. The curve has one stationary point.

(a) Find the exact coordinates of the stationary point. [5]
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8
(b) Show thatJ ydx=181n2 -09. [5]
1
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. . . . . dx 5
10 The variables x and ¢ satisfy the differential equation Fri x“(1+2x),and x =1 when ¢ = 0.

Using partial fractions, solve the differential equation, obtaining an expression for ¢ in terms of x.

[11]
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1  Solve the inequality |2x — 1| < 3|x + 1]. (4]

© UCLES 2021 9709/32/M/J/21



3

2 On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z+ 1 —i|< 1 and arg(z— 1) < %n. [4]
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3 The variables x and y satisfy the equation x = A(3™), where A is a constant.

(a) Explain why the graph of y against Inx is a straight line and state the exact value of the gradient
of the line. [3]

It is given that the line intersects the y-axis at the point where y = 1.3.

(b) Calculate the value of A, giving your answer correct to 2 decimal places. [2]
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2

4  Using integration by parts, find the exact value of J tan™! (lx) dx. [5]
0
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5  The complex number u is given by u = 10 — 4+/6i.

Find the two square roots of u, giving your answers in the form a + ib, where a and b are real and
exact. [5]
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6 (a) Prove that cosec26 — cot26 = tan 6. [3]
In

(b) Hence show that L (cosec26 —cot26)do = %ln 2. [4]
ZTC
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Yy
Vx+ 1

7 A curve is such that the gradient at a general point with coordinates (x, y) is proportional to

The curve passes through the points with coordinates (0, 1) and (3, e).

By setting up and solving a differential equation, find the equation of the curve, expressing y in terms
of x. [7]
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8  The equation of a curve is y = e >* tan®x for —%n <x< %n.

Find the x-coordinates of the stationary points of the curve. Give your answers correct to 3 decimal
places where appropriate. [8]
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14 — 3x + 2x?

9 Let f(X) = m

(a) Express f(x) in partial fractions. [5]
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(b) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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10
D C
r r
x rad x rad
A r M r B

The diagram shows a trapezium ABCD in which AD = BC = r and AB = 2r. The acute angles BAD
and ABC are both equal to x radians. Circular arcs of radius r with centres A and B meet at M, the
midpoint of AB.
(a) Given that the sum of the areas of the shaded sectors is 90% of the area of the trapezium, show

that x satisfies the equation x = 0.9(2 — cos x) sin x. [3]
(b) Verify by calculation that x lies between 0.5 and 0.7. [2]
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(¢) Show that if a sequence of values in the interval 0 < x < %n given by the iterative formula

X =cos ! Z—X—”
n+l 0.9sinx,

converges, then it converges to the root of the equation in part (a). [2]

(d) Use this iterative formula to determine x correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
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11 With respect to the origin O, the points A and B have position vectors given by OA =2i - j and
OB =j-2k.

(a) Show that OA = OB and use a scalar product to calculate angle AOB in degrees. [4]
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The midpoint of AB is M. The point P on the line through O and M is such that PA : OA =+/7 : 1.

(b) Find the possible position vectors of P. [6]
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2

1  Particles P of mass 0.4 kg and Q of mass 0.5 kg are free to move on a smooth horizontal plane. P and
O are moving directly towards each other with speeds 2.5ms~! and 1.5ms™! respectively. After P
and Q collide, the speed of Q is twice the speed of P.

Find the two possible values of the speed of P after the collision. [4]
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2 A cyclistis travelling along a straight horizontal road. She is working at a constant rate of 150 W. At
an instant when her speed is 4 m s , her acceleration is 0.25 m s72. The resistance to motion is 20 N.

(a) Find the total mass of the cyclist and her bicycle. [3]

The cyclist comes to a straight hill inclined at an angle 8 above the horizontal. She ascends the hill at

constant speed 3ms~'. She continues to work at the same rate as before and the resistance force is
unchanged.

(b) Find the value of 6. [2]
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20N

30N

40N

Four coplanar forces act at a point. The magnitudes of the forces are 20N, 30N, 40N and F N. The
directions of the forces are as shown in the diagram, where sin ¢° = 0.28 and sin 8° = 0.6.

Given that the forces are in equilibrium, find F and 6. [6]
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4 A particle is projected vertically upwards with speed u ms~! from a point on horizontal ground. After
2 seconds, the height of the particle above the ground is 24 m.

(a) Show that u = 22. [2]

(b) The height of the particle above the ground is more than 4 m for a period of 3.6s.
Find A. [4]
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5 A carof mass 1400 kg is towing a trailer of mass 500 kg down a straight hill inclined at an angle of 5°
to the horizontal. The car and trailer are connected by a light rigid tow-bar. At the top of the hill the
speed of the car and trailer is 20ms~! and at the bottom of the hill their speed is 30 ms™'.

(a) Itis given that as the car and trailer descend the hill, the engine of the car does 150 000 J of work,
and there are no resistance forces.

Find the length of the hill. [5]
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(b) Itis given instead that there is a resistance force of 100 N on the trailer, the length of the hill is
200 m, and the acceleration of the car and trailer is constant.

Find the tension in the tow-bar between the car and trailer. [4]
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6 A particle moves in a straight line and passes through the point A at time # = 0. The velocity of the
particle at time s after leaving A is vims™', where

v=2-5t+3.

(a) Find the times at which the particle is instantaneously at rest. Hence or otherwise find the
minimum velocity of the particle. [4]

(b) Sketch the velocity-time graph for the first 3 seconds of motion. [3]
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(¢) Find the distance travelled between the two times when the particle is instantaneously at rest.

[3]
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A particle P of mass 0.3kg rests on a rough plane inclined at an angle 6 to the horizontal, where

sin 0 = 27—5 A horizontal force of magnitude 4 N, acting in the vertical plane containing a line of

greatest slope of the plane, is applied to P (see diagram). The particle is on the point of sliding up the
plane.

(a) Show that the coefficient of friction between the particle and the plane is %. [4]

The force acting horizontally is replaced by a force of magnitude 4 N acting up the plane parallel to a
line of greatest slope.

(b) Find the acceleration of P. [3]

© UCLES 2021 9709/43/M/1/21



11

(¢) Starting with P at rest, the force of 4 N parallel to the plane acts for 3 seconds and is then removed.

Find the total distance travelled until P comes to instantaneous rest. [3]
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1

2

Solve the equation 4|5 — 1| = 5%, giving your answers correct to 3 decimal places. [4]
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2 (a) Express 5sinx — 3 cosx in the form R sin(x — o), where R > 0 and 0 < o < %n. Give the exact

value of R and give a correct to 2 decimal places. [3]
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4
The curve with equation y = xe!™* has one stationary point.

(a) Find the coordinates of this point. [4]
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4  Using the substitution u = 4/, find the exact value of
. ! dx [6]
, GrDE
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5 (a) Show that the equation
cot20 +cotf =2

can be expressed as a quadratic equation in tan 6. [3]

(b) Hence solve the equation cot 20 + cot 6 =2, for 0 < 0 < w, giving your answers correct to 3 decimal
places. [3]
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6  When (a + bx)V1 +4x, where a and b are constants, is expanded in ascending powers of x, the
coefficients of x and x? are 3 and —6 respectively.

Find the values of a and b. (6]
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7 (a) Given thaty = In(Inx), show that

[1]

The variables x and ¢ satisfy the differential equation

dx
Inx+71— =0.
XInx+t o
It is given that x = e when 7 = 2.

(b) Solve the differential equation obtaining an expression for x in terms of ¢, simplifying your
answer. [7]
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a
1
8 The constant a is such that X dx =6.
L oVx
1
(a) Show that a = exp (— + 2). [5]
Ja

[exp(x) is an alternative notation for e*.]
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(b) Verify by calculation that a lies between 9 and 11. [2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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9  Two lines / and m have equations r = 3i + 2j + Sk + s(4i —j+3k) and r =i — j — 2k + #(—i + 2j + 2Kk)

respectively.
(a) Show that /[ and m are perpendicular. [2]
(b) Show that / and m intersect and state the position vector of the point of intersection. [5]

© UCLES 2021 9709/31/0/N/21



13

© UCLES 2021 9709/31/0/N/21 [Turn over



14

10 The complex number 1 + 2i is denoted by u. The polynomial 2x> + ax? + 4x + b, where a and b are
real constants, is denoted by p(x). It is given that u is a root of the equation p(x) = 0.

(a) Find the values of a and b. (4]
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(c) Find the real factors of p(x). [2]

(d) (@) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers z satisfying the inequalities |z — u| < v/5 and arg z < }ln. 4]

(ii) Find the least value of Im z for points in the shaded region. Give your answer in an exact
form. [1]
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1
1  Find the value of x for which 3(2!™) = 7*. Give your answer in the form %, where a and b are
n

integers. [4]
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4

Solve the inequality |3x — a| > 2|x + 2a|, where a is a positive constant. [4]
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3 (a) Given the complex numbers u = a + ib and w = ¢ + id, where a, b, ¢ and d are real, prove that
(u+w)* =u*+w [2]

(b) Solve the equation (z+2 +1)* + (2 + 1)z = 0, giving your answer in the form x + iy where x and
y are real. (4]
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4x* —13x+ 13 .

Express m in partial fractions. [5]

© UCLES 2021 9709/32/0/N/21



7

5 (a) On asketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z—3 —2i|< 1 and Imz > 2. [4]

(b) Find the greatest value of arg z for points in the shaded region, giving your answer in degrees.

[3]
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6 (a) Using the expansions of sin(3x + 2x) and sin(3x — 2x), show that

%(sin 5x + sin x) = sin 3x cos 2x. [3]
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(b) Hence show that r sin 3x cos 2xdx = %(3 —2). [3]
0
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7  The variables x and y satisfy the differential equation
d 2
2 = 4xy?,
e =Y
and it is given that y = 1 when x = 0.

Solve the differential equation, obtaining an expression for y in terms of x. [7]
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8 (a) By first expanding (cos2 0 + sin® 9)2, show that

cos*O+sin*o=1- % sin?20. [3]
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(b) Hence solve the equation
cos* 6 +sin* 0 =

>

for 0° < 6 < 180°. [4]

Ol
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14

The equation of a curve is ye** — y%e* = 2.

d 2 X _ 4,2
(a) Show that ay = % [4]
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(b) Find the exact coordinates of the point on the curve where the tangent is parallel to the y-axis.

[4]
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1
10 With respect to the origin O, the position vectors of the points A and B are given by OA = ( 2 ) and

0 -1
ogz(s).
1

(a) Find a vector equation for the line / through A and B. [3]

(b) The point C lies on / and is such thatA_é = 3A_é

Find the position vector of C. [2]
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(c¢) Find the possible position vectors of the point P on [ such that OP = V14. [5]
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11 The equation of a curve is y = 4/tanx, for 0 < x < %n.
dy . . dy 1
(a) Express P in terms of tan x, and verify that P =1 whenx = 7T [4]

o
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(c) Use the iterative formula

-1(1 2 3
a,,, =tan (5(1 —tan“a, — tan an))

to determine a correct to 2 decimal places, giving the result of each iteration to 4 decimal places.

[3]
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1

2

Find the quotient and remainder when 2x* + 1 is divided by x> — x + 2. [3]
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2 (a) Sketch the graph of y = |2x — 3|. [1]

(b) Solve the inequality |2x — 3| < 3x + 2. [3]
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4

Solve the equation 42 = 4¥ — 42, giving your answer correct to 3 decimal places. [4]
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4  Find the exact value of J xsin %x dx. [5]

1
3T
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6

Solve the equation sin 8 = 3 cos 260 + 2, for 0° < 6 < 360°. [5]
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6 (a) By first expanding cos(x — 60°), show that the expression
2 cos(x —60°) + cosx

can be written in the form R cos(x — o), where R > 0 and 0° < a < 90°. Give the exact value of R
and the value of a correct to 2 decimal places. [5]

(b) Hence find the value of x in the interval 0° < x < 360° for which 2 cos(x — 60°) + cos x takes its
least possible value. [2]
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The equation of a curve is In(x + y) = x — 2y.

dy x+y-—1
Show that — = —————.
(@) Show that 0 = 5y + 1
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(b) Find the coordinates of the point on the curve where the tangent is parallel to the x-axis. [3]
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A

In the diagram, OABCD is a pyramid with vertex D. The horizontal base OABC is a square of side
4 units. The edge OD is vertical and OD = 4 units. The unit vectors i, j and k are parallel to OA, OC
and OD respectively.

The midpoint of AB is M and the point N on CD is such that DN = 3NC.

(a) Find a vector equation for the line through M and N. [5]
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(b) Show that the length of the perpendicular from O to MN is %\/8_2 [4]

© UCLES 2021 9709/33/0/N/21 [Turn over



12

9 Let f()C) = m

(a) Find the x-coordinate of the stationary point of the curve with equation y = f(x). [4]
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4
(b) Using the substitution u = y/x, show that J f(x)dx = Ll1ns. [6]
0
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10 A large plantation of area 20 km? is becoming infected with a plant disease. At time ¢ years the area

infected is x km? and the rate of increase of x is proportional to the ratio of the area infected to the
area not yet infected.

Whent:O,x:land%:l.

(a) Show that x and 7 satisfy the differential equation

dx  19x
= = . 2
dr ~ 20—x g

(b) Solve the differential equation and show that when ¢ = 1 the value of x satisfies the equation
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(c¢) Use an iterative formula based on the equation in part (b), with an initial value of 2, to determine
x correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]

© UCLES 2021 9709/33/0/N/21 [Turn over



16
11 The complex number —/3 + i is denoted by u.

(a) Express u in the form re'®, where r > 0 and —n < 6 <, giving the exact values of r and 6. [2]
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(¢) (i) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers z satisfying the inequalities 0 < arg(z — u) < %n and Rez < 2. [4]

(ii) Find the greatest value of |z| for points in the shaded region. Give your answer correct to
3 significant figures. [2]
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